An elastic-visco-plastic thermomechanical model for the simulation of cold forming and subsequent sintering of ceramic powders is introduced and based on micromechanical modelling of the compaction process of granulates. Micromechanics leads to an upper-bound estimate of the compaction curve of a granular material, which compares well with other models and finite element simulations. The parameters of the thermomechanical model are determined on the basis of available data and dilatometer experiments. Finally, after computer implementation, validation of the model is performed against experiments developed on specially designed ceramic pieces, characterized by zones of different density. The mechanical model is found to accurately describe forming and sintering of stoneware ceramics and can therefore be used to analyze and optimize industrial processes involving compaction of powders and subsequent firing of the greens.
Introduction
The production of ceramic pieces is based on technologies involving a massive waste of energy and materials 1 , so that environmental preservation imposes a rationalization of industrial processes to reduce pollution. The optimization of the production process is directly linked to the availability of models for the mechanical behaviour of the powders and binders used during forming, including the simulation of both phases of cold compaction and subsequent sintering, and in the design of mechanical characteristics of the final pieces.
Sintering is the common method for completing the process of ceramic production and involves heating of the green bodies, obtained in a preceding compaction stage, to obtain the required density and strength of the final products. Understanding and modelling the mechanisms involved in the processes of compaction and sintering is therefore crucial to ensure high quality and reproducibility of ceramic materials.
In the last 50 years, there have been significant developments in the theory of sintering, but only in the 1980s the use of continuum mechanics was introduced, to predict the stresses and strains that can develop during the process. A comprehensive review of the models for sintering proposed in the last 25 years can be found in [1] . In recent years, meso scale models have been developed using multi particle Finite Element (MPFEM) approaches [2] or discrete element approaches [3] . These models are useful in the understanding of micro-or meso-mechanical effects, but, due to the limitation in the number of particles that can analyzed, they are hardly applicable to model whole complex shaped parts, so that continuum models, such those developed in [4] [5] [6] , play a central role.
Often sintering was studied with reference to isothermal conditions [6, 7] , but during the firing the body is subject to non-isothermal loadings, especially for high heating rates and large ceramic pieces, so that the modelling of this situation is one of the objectives of the present article.
Before sintering, a green body is obtained through powder compaction and, depending on the geometry and the compaction method, the pressed green body shows usually significant differences of local density throughout the part [8, 9] , so that powder pressing has a strong influence on sintering, which depends on the (relative) density of the green. Therefore a continuum model that can predict the density distribution after the pressing step and the subsequent sintering is important for industrial applications [10] . In this research direction, while cold compaction has been often addressed [11] [12] [13] [14] [15] [16] [17] [18] [19] , the combination of pressing and sintering has been scarcely investigated. In particular, two different models, one for powder pressing and another for sintering have been proposed [7] , while thermomechanical models for hot-isostatic pressing of metal powders were developed using a pressure-sensitive and temperature dependent yield function [20, 21] .
The objective of the present article is to propose a thermomechanical, elastic-viscoplastic model to simulate cold powder compaction and subsequent non-isothermal solid state sintering. The model is grounded on the thermomechanical framework developed by Simo and Miehe [22, 23] and on the additive decomposition of elastic and plastic logarithmic strains [23, 24] . Moreover, the BP yield function [25] is used to simulate both compaction and firing, so that these two process steps become more closely integrated. With reference to an aluminum silicate spray dried powder (used for the industrial production of ceramic tiles), the model is calibrated against both available data and ad-hoc performed experiments and is implemented (through an UMAT routine) in a finite element code (Abaqus). Finally, validation against experiments, conducted on large ceramic pieces (in which density variations were intentionally introduced), shows that the model provides an accurate prediction of the entire process of forming and sintering and therefore remains now available for the design and optimization of ceramic pieces.
Thermoinelastic model for the sintering of ceramics
With the purpose of introducing a model for sintering of green ceramics, the large deformation of a thermo-elastic-visco-plastic solid is considered, described by the deformation gradient F , the right Cauchy-Green tensor and the corresponding Lagrangean logarithmic strain
where the superscript T denotes the transpose.
A key assumption is the additive decomposition of logarithmic strain into an elastic (subscript 'e') and a visco-plastic (subscript 'p') component proposed by Miehe et al. [23] and Sansour and Wagner [24] as
The Helmholtz free-energy ψ( e , T, ρ) is introduced as a function of (i.) the elastic part of the logarithmic strain, (ii.) the temperature T , and (iii.) the inelastic relative density of the material ρ, which is the only internal variable introduced in the treatment, defined as
and representing a dimensionless measure of the mass density upon unloading. In Eq. (3) ρ 0 is the initial value of the mass density ρ, and ρ f d the value corresponding to the fully dense material, which contains no pores. Definition (3) may be better appreciated by writing the rate of mass conservatioṅ
which can be integrated in time to provide the expression
From eq. (5) the rate of mass density can be calculated to bė
where
an equation which will become useful later. Note also that the mass density is related to the porosity f (the ratio between the volume of the voids and the total volume of a sample) of the material through the equation
Eq. (8) can be understood considering the deformation gradient F f d and its determinant J f d needed to bring the current volume element V to the volume of the fully dense material V f d . In this deformation, the volume and the density transform according to the wellknown rules
The so-called elastoplastic coupling (in which the plastic strain influences the elastic stiffness, [26] [27] [28] ) is not introduced in the model and the elastic part of the deformation (not particularly important during sintering) will be eventually treated with the standard linear isotropic thermoelastic law [29] . Therefore, the stress σ, work-conjugate in the Hill sense to the Lagrangian logarithmic strain, the thermodynamical force R associated to the internal variable ρ, and the entropy η can be expressed as
For simplicity, an additive form of the Helmholtz free energy is assumed, sum of the elastic and the purely thermal energies, plus a 'pore energy'
in which T 0 is the absolute temperature corresponding to the unstressed material when = 0; moreover, η 0 and ψ 0 are the values of entropy η and free energy at T = T 0 and = 0; finally
is the specific heat at constant values of strain and internal variables. The density, together with the (visco-)plastic strain p are internal variables of the system. The external variables are the total strain and the temperature T . To follow the theory of thermodynamics of irreversible processes, the Clausius-Duhem dissipation inequality has to be fulfilled at all times [29, 30] , namely
The rate in time of the Helmholtz free energy ψ, eq. (10), can be expressed in terms of its state variables:
The additive decomposition of the strain into an elastic and a (visco-)plastic part, eq.(2), can be inserted into eq. (14) and the result substituted into eq.(13) to yield
Setting the thermal dissipation to be independent ofṪ yields equation (9) 3 , while imposing the vanishing of the elastic dissipation for every˙ e in equation (15) provides equation (9) 1 , so that using the following simple expression for the potential (borrowed from the linear theory) of the elastic part of the free energy density,
the stress is given by the usual isotropic thermoelastic relation
where K b is the elastic bulk modulus, α 0 is the thermal expansion coefficient, T 0 a reference temperature, and the fourth-order elastic tensor C is
in which S is the fourth-order symmetrizer and λ and µ are the Lamé elastic moduli. Equation 18 represents a strong assumption, which is justified in the present context, because the elastic strain and rotation are usually small during thermoplastic pressing and sintering of ceramics.
As a conclusion, the dissipation inequality eq. (15) reduces to
Effective stress for sintering and dissipation
An inspection of eq. (19) and consideration of eq. (9) 2 reveals that the thermodynamic dual force to the plastic strain rate is not the stress, but an effective stress defined as [20, 21] 
is the so-called 'sintering stress' (also known as 'Laplace pressure' [31] ). Eventually, the dissipation inequality, eq. (19), can be rewritten as
which highlights the fact that the inequality is always a-priori satisfied, when the Fourier law of heat conduction is assumed
(in which k > 0 is the thermal conductivity), together with the normality rule for˙ p and convexity of the yield function, both in theσ-space.
Helmholtz free energy for porosity variation
Following [20] , the Helmholtz free energy related to the porosity, ψ pore , can be assumed to be a linear function of the surface tension γ s relative to the area of the pore A pore ( ρ) as follows
Assuming spherical pores of radius r in a cubic unit cell, it follows that A pore = 4πr 2 and assuming incompressibility of the solid phase of volume V solid , r can be expressed as
so that the pore potential, eq. (24), becomes
Finally, a derivative of eq. (26) with respect to ρ yields the sintering stress as
≈3.224
where V
1/3
solid can be regarded as a length scale, equal to the particle diameter.
Visco-Plasticity
The existence of a yield function is assumed, depending on the effective stressσ, which is the thermodynamic dual of the plastic strain rate, and on the internal variable ρ
The associative flow rule is assumed [29, 32] involving the non-negative plastic multiplieṙ
where the unit yield function gradient is
For rate-dependent problems the coefficientλ can be replaced with an overstress function, as described in [33] . A possible choice for the overstress function is the yield function divided by the viscosity (η v ). The expression for the strain rate becomes:
Yield Function
The Bigoni-Piccolroaz ('BP' in the following) yield function [25, 34] is defined by seven parameters and displays the necessary flexibility to describe a wide range of material behaviours and, in particular, can excellently fit the material behavior during the different states of sintering. Therefore, the sintering process can be simulated from the beginning, when the material is in a granular form, and then during the firing, up to the finished ceramic piece. The yield function is described by
(dev denotes the deviator part) and
in which the Lode angle Θ c is defined as
Parameters α bp and M can be used to adjust the yield function to materials with internal friction. Parameters β bp and γ bp determine the shape of the yield surface in the deviatoric plane, so that for both simplicity and lack of experimental data they are set to be zero, which means that Lode angle dependence is excluded (note that for triaxial compression the Lode angle Θ c is equal to π/3, while it is zero for triaxial extension). The cohesion c is the hydrostatic yield strength in extension whereas p c is the yield strength in hydrostatic compression.
Micromechanics for the evolution of yield
To model the compaction behavior of a green body during the cold forming process, the following micromechanic assumptions are introduced, which allows the determination of the hardening parameters p c , c, and M (dictating the shape of the yield function), as functions of the internal variable ρ. It should be noted that the determination of the evolution of parameter p c with the inelastic density ρ is equivalent to the determination of the theoretical compaction curve for a granulate material. This material is assumed to consist of elastic perfectly plastic particles, idealized as cylindrical (initially with circular cross section) in a two-dimensional approximation and obeying the Tresca yield criterion, that are equal in size and ordered in a centered cubic geometry, a disposition maintained fixed during sintering. The results of the two-dimensional approach will be tested against numerical simulations for a cubic disposition of perfectly-plastic and initially spherical particles, obeying the von Mises criterion. The particles thus yield all simultaneously, so that to predict the collapse load for this ensemble of particles, the upper bound theorem of limit analysis is applied.
Plane strain upper bound for the determination of the compaction curve
A plane strain problem is considered, so that the ceramic particles are assumed in the form of circular cylinders, a geometry which may seem unrealistic, but has been proven to yield quite reasonable results [12, 35] . Employing the upper bound theorem of limit analysis [36] , a collapse mechanism has to be assumed, which, even if it does not correspond to reality, it provides a simple evaluation of the dissipation that occurs within the body. Because the problem is reduced to two-dimensions, the particles are treated as planar figures, initially circular and later deforming and developing contacts through lines. A collapse kinematics is assumed, in which rigid parts are subject to a pure rigid-body translation, while deformable parts are subject to a pure compressive strain, so that the latter (denoted by | | in Figure 1 ) are located on the surface of the particle in contact with the neighboring particles and the former are localized at the circular corners. The plastic mechanism has two axes of symmetry (vertical and horizontal) so that only a quarter of the particle is sketched and the two deformable parts suffer the same strain and dissipate the same power.
The plastic dissipation is generated by the strain rate produced under uniaxial stress in two equally deforming blocks (denoted by | | in Figure 1 ) and their sliding against: (i.) a square rigid block located at the center of the particle and (ii.) other two rigid blocks having the shape of a quarter of circle.
For an equibiaxial (vertical and horizontal) compression load P , which simulates mechanical compaction, the 'external' rate of energy dissipationẆ can be written aṡ
where v b is the velocity of the boundary in contact with the neighboring particles. Assuming that the granules behave as rigid-perfectly-plastic materials, the isostatic compaction curve can be calculated using the upper bound technique of limit analysis. A representative volume element of an idealized 2D granular arrangement is shown in the figure at various stages of the compaction. As the boundaries of the RVE are displaced with the velocities v b , the RVE shrinks. A section view of the assumed collapse mechanism, for a quarter of the circular particle, is reported in the lower line, where the dashed lines sketch the particle boundaries subject to a displacement rate.
The rate of internal power (denoted by D) is the sum of three dissipation sources, D comp , D slb , and D tr , all related to the strain rate of the blocks denoted with the label | | in Figure 1 . These blocks are subject to a linear velocity field preserving incompressibility, so that, assuming a x 1 -x 2 reference system, with x 2 parallel to v b
where v l is the 'lateral' velocity of the block, so that incompressibility requires v b a = −v l h. Therefore, the three sources of dissipation rate can be calculated as follows.
• Internal dissipation due to the strain rate of the rectangular blocks | |
where k is the limit yield stress under shear (equal to 1/2 of the limit uniaxial stress).
• Dissipation due to the sliding of the blocks | | against the rigid square block at the center of the particle and against the quarter of circle rigid element
• Dissipation due to rigid translation of the quarter of circle rigid element, occurring with sliding against one of the deforming blocks | |
In conclusion, summing up all the contributions from different dissipation sources, the internal expended power can be written as
Eventually, the limit load P can be expressed as a function of the yielding shear stress k and of the current geometry (specified by a and h) as
corresponding to the limit pressure that the particle characterized by the dimensions a and h can sustain. The width of the compressed part a and its height h can be expressed as functions of the relative density and the current side R = a + h of the unit cell (initially equal to the radius R 0 ), so that, keeping into account incompressibility, the following expression is found
where A U C denotes the area of the unit cell containing the particle of area A 0 . An expression for R can also be found using the incompressibility constraint, and thus the fact that the initial area of the two-dimensional particle remains constant:
Equation (43) can be solved for h, so that using eq. 44 yields
and therefore the contact length a results as
The hydrostatic yield stress p c is given by the force per unit length P divided by R, so that the following representation of the compaction curve is obtained:
Eq. (47) describes the compaction curve of a granular material and is depicted in Figure  3 . Formally, Eq. (47) merely represents an upper bound, calculated for a plane strain situation, which may be believed to be far from reality, so that an assessment of the capability of eq. (47) to correctly describe a compaction curve is provided through a comparison to a Finite Element simulation involving a three-dimensional distribution of initially spherical particles. The simulation was performed with perfectly-plastic particles, ordered in a simple cubic geometry. Initially, the contact between spheres occurs at a point, but due to the strain, the contact boundary becomes circular and towards the very end of the compaction tends to become square. This periodic particle arrangement can be modelled using only one eighth of a sphere, due to symmetry. A FEM model was built in Abaqus 6.13, where displacement was imposed through analytical rigid body elements, sketched as colored planes in Figure 2 , where a unit cell containing a deformed particle is shown. The material obeys von Mises plasticity, together with a neo-Hookean description for the elastic part, with a ratio of Young modulus over yield stress of 100000, to approximate the rigid-plastic limit. It can be seen that the solution of the limit analysis is, at low densities (about 0.8 and less), remarkably different from the numerical solution of the 3D problem, which is a direct consequence of the fact that the initial density for the 2D problem is different than that pertinent to the 3D arrangement. In fact, the relative density in plane strain is about 78%, while this density decreases to about 52%, in a cubic disposition of spherical particles. Moreover, a typical ceramic powder (as that later used for experiments, section 7.3) has an initial density of about 38%. A very simple way for correcting the discrepancy between the plane strain upper bound estimate and the values typical of ceramic powders is to introduce a correction factor ζ multiplying h, so that the initial value of p c becomes correct even for initial densities of 38% and therefore the following 'modified' value for h is proposed
where ζ = 2.7 provides the best fit to the material considered in the experiments. A substitution of eq. (48) into eq. (36) yields an analytical expression for the compaction behaviour
where σ m = k √ 3 is the uniaxial stress for yielding. Note that eq. (49) provides an analytical description for the compaction curve of a granulate, which will be referred as the 'modified limit analysis solution'. Figure 4 shows the Gurson [37] and Helle/Fleck [12, 38] models compared with the previously-described FE simulation of a three-dimensional cubic disposition of initially spherical particles ('FEM' in the figure) and the 'modified limit analysis solution' ('MLA' in the figure). The modified limit analysis solution lies below the curves corresponding to the Gurson and Helle/Fleck models, at high porosity. It needs to be mentioned that the Gurson model was originally developed for materials with high density, where the Figure 2 : A finite element simulation of a cubic disposition of initially sherical particles, where, due to symmetry, only one eight of one particle is considered. The particle is pressed into a cubic shape by three analytical contact surfaces (shown as translucent red surfaces) that move towards the center of the cell, with imposed displacements. Incompressible hybrid elements are used together with a neo-Hookean material model for the elastic part, while the plastic behaviour is modelled with von-Mises perfect plasticity. modified upper bound solution and the numerical simulation almost coincide, whereas the model presented by Helle [38] (and used also by Fleck [12] ) was intended for cases of high porosities, where predictions of this model are consistent with the modified upper bound and the numerical simulation.
Cohesive strength under tension
The Fig. 2 show that the contact area between initially spherical grains in a cubic geometry is a complex function of the applied pressure, so that an initially circular contact area evolves towards a square contact shape in the limit of a fully dense material. Therefore, the estimation of the contact areas between grains in a real powder subject to cold pressing is awkward. Nevertheless, following [38] , an approximation for the normalized (and dimensionless) contact area A c between grains can be assumed as A c = 4π 12
so that the stress needed to produce yielding under hydrostatic tension (which is the definition of the cohesion c) is given by the elementary formula
where σ m is the yielding stress in uniaxial tension of the grains. Note that the normalized contact area goes to unity as ρ approaches one.
Strength under shear for the determination of parameter M
Using again relation (50), the parameter M of the BP yield surface can be expressed as a function of the internal variable ρ. In particular, it is assumed that at failure under pure shear (p = 0 so that σ = dev σ) the deviatoric component of the stress tensor becomes, according to the von Mises criterion, σ m A c /3, so that the stress invariant q at failure (denoted by q s ) reduces to σ m A c . Therefore, the following relation is obtained (assuming
Influence of Temperature
The consolidation process of a ceramic body is activated at high temperatures, where the material exhibits a strong thermal softening. Also, the viscosity changes drastically with temperature, so that viscoplastic processes occur at much higher velocities, when the temperature is high.
Temperature evolution
In the framework proposed by Simo and Miehe [22] , the temperature evolution is governed by the Fourier law of heat conduction, together with a maximum dissipation postulate. In the absence of internal heat sources, the first law of thermodynamics iṡ
where c h is the specific heat at constant values of strain and internal variables, eq. (12), k the thermal conductivity, eq. (23), D mech is the mechanical dissipation power,
and H is the non-dissipative elastic-plastic heating
The first term inside the parenthesis describes the piezocaloric effect. The second part is a coupling term between the temperature and the internal variable (relative density). It is common for plasticity models [22] to replace the mechanical dissipation term with
where X is sometimes called Quinney-Taylor coefficient and lies between 0.85 and 0.95. This factor was introduced as it was found in experiments [39] that the heating associated with the plastic flow is roughly 0.9 times the rate of plastic working. If the plastic strain becomes very large, the Quinney-Taylor factor approaching unity, so that eq. (56) reduces to eq. (54). However, the mechanical dissipation plays only a negligible role in high temperature applications. In the case of ceramic sintering, a substantial amount of heat is transferred to the system from outside (for instance, the ceramics is left 30 min in the oven at about 1200 • C), whereas the plastic deformation of the body occurs at a relatively slow pace. This heat transfer is far larger than the heating introduced by the piezocaloric effect or the plastic heating. It is therefore reasonable to neglect these terms (the mechanical dissipation and the non-dissipative elastoplastic heating) and assume X = 0, which leads to a system where temperature evolution is uncoupled from plastic flow. Then, eq. (53) reduces to:Ṫ
Temperature effect on the yield surface
At high temperature, a significant thermal softening effect occurs, modelled through a variation of the parameter p c , which is assumed to follow the rule
with f T (T ) being a steadily decreasing function of temperature, equal to 1 + C T at a reference temperature of 0 • C . For high temperatures, over about 800 • C and slow deformation rates, the material exhibits creep as dominant deformation mechanism [40, 41] , and its strength is assumed to become negligible, so that
where the Macaulay bracket has been used and T C1 = 800
• C and C T = 0.0001, with b 1 = 0.9.
Grain growth
The sintering process is usually accompanied by grain coarsening [42] , which has some effect on the process kinetics and therefore has to be considered in the modelling. The grain growth occurring during sintering is assumed to follow an exponential law that models the evolution of the average grain size, as described in [3] and [43] , namelẏ
where R g is the universal gas constant (8.314 J/(mol K)), the constant M gc0 is taken from [3] to be equal to 2.25 m 2 s/kg and Q gc is the activation energy for grain coarsening. The value for the grain boundary energy γ b is also taken from [3] and is equal to 1.10 J/m 2 . The values of the activation energies, to be used for the model, can be obtained by fitting them to experimental results, with a procedure described in section 7.1.
Viscosity
The shrinkage of the ceramics under thermal load during sintering is essentially a timedependent process, so that the previously developed time-independent model has to be enhanced to describe rate-dependent effects, thus introducing viscosity. There are several possibilities to introduce viscous behaviour, for instance using the Coble [44] or the Nabarro-Herring [45] creep model. Olevsky [6] introduces a model based on a dissipation potential that can be derived from a strain energy function. The viscous models proposed in [45, 46] are compared with experimental results in [47, 48] and show relatively good fit. Thus, a viscous model is also used in the present study. The dependence of the viscosity η v on the temperature, density and grain size is assumed to be multiplicative as
where η v1 is a constant and η v2 and η v3 are respectively functions of the radius R of the particles and of the temperature T . In particular, introducing the initial radius R 0 of the particles, the function η v2 is assumed in the form
where the exponent w is equal to 3 for grain boundary diffusion as the main type of inter-particle diffusion mechanism [45] . Finally, the temperature dependence in the law (61) is assumed to follow an Arrhenius type law (compare with [48] ):
where Q E is the activation energy for the viscosity and R g the universal gas constant (8.314 J/(mol K )).
In conclusion, the complete function governing the viscosity is
which is used for the viscoplastic flow rule, eq. (31) . The values of the constants were fitted against a sintering curve obtained from one dilatometric test, as described in section 7.1.
Computer implementation
The material model developed in the previous Sections was implemented in Abaqus 6.13 (Dassault Systèmes) through a UMAT routine created with AceGen [49] . An implicit scheme was used for the yield function, as explained in [50] , to overcome difficulties linked to non-convexity, see [51, 52] . The viscoplastic deformation is evaluated using a return-mapping algorithm (as described in [22, 53, 54] ), which was implemented taking advantage of the Automatic Differentiation technique [50, 55] , to obtain the derivatives (first and second) needed in the algorithm. A consistent tangent matrix for the local Newton method, usually employed in plasticity, was obtained (as described in [23, 54] ), without explicitly calculating cumbersome derivatives. The viscosity is implemented using a Perzyna [33] type approach, as described in Section 3. As the model uses logarithmic strains, and finite deformation, the 'Nlgeom' option of Abaqus was used, which provides logarithmic strains as the input for the user material routine and uses finite deformation kinematics. The calibration of the yield function, using nominal stress, is described in section 7. For the solution of the global scheme, a separated Newton algorithm was used, in which the coupling terms of the global jacobian matrix (the entries that are a result of differentiation with respect to both displacement and temperature) are set to be zero. This can be justified because the problem is weakly coupled (see Sec. 5.1), and, in addition, the computational cost results strongly reduced. The Newton technique was modified using a line search method, to improve convergence. Note that the general accuracy of the solution remains unchanged by using the separated solution scheme, while only the rate of convergence is slightly affected. The experimental setup, described in Section 7.3, was modelled in Abaqus, where the mold and the stamp were modelled as analytical rigid bodies and the displacement was imposed on the stamp. To model the furnace environment, the temperature curve was imposed on the boundaries of the green body, obtained in an initial step through the modelling of the cold powder compaction.
Validation and calibration
Experiments have been performed to calibrate and subsequently validate the material model. In particular, the calibration of the viscosity parameters of the model has been conducted with a dilatometric test, while the yield function parameters have been evaluated on the basis of available experiments [56] . Finally, validation of the model performance was obtained through a comparison between model predictions and the shrinking of a specially designed ceramic piece, measured during sintering.
Calibration of the viscosity parameters
The sintering curve can be obtained using a dilatometer, a standard equipment in laboratories dealing with ceramics. Using a special dilatometer and through a long series of experiments, a method has been proposed for experimentally determining the viscosities and activation energies for pure alumina [47, 48] . Instead of this complex procedure, the viscosity parameters of the proposed model were estimated through a comparison between results from dilatometer tests and numerical simulations in which only a single element was used. The temperature was assigned as a constraint on all nodes, following the temperature curve of the dilatometer. This procedure can be justified because of the very small dimensions of the specimen, which does not possess a large thermal capacity. The values for the viscosity constant η v1 and for the activation energies Q E and Q gc were found by running simulations with different values and iterating towards an optimal fit. This simplified approach was chosen because experimental values for the activation energies of traditional ceramics are not available. It was assumed that the activation energies for grain coarsening and viscosity are equal, an assumption based on the fact that these values have been found very similar for ceramic materials (but different from the powder addressed in the present study [48] ). Experimental data for mechanical properties are rare, as their determination is not straightforward [57] and often not of interest for the involved industries. However, a yield strength ranging between 125 MPa and 250 MPa is provided in [58] , so that σ m = 150 MPa has been assumed. Aluminum silicate spray dried powder (Sacmi I20087) was used, with a theoretical density (when pores are completely absent) of about 2.375 g/cm 3 . To obtain the sintering curve from the powder, a dilatometer (TAinstruments DIL-831) was used at a heating rate of 30
• C/min, equal to the heating rate employed in industrial furnaces. Data in Figure 5 have been plotted after the strain due to thermal expansion was subtracted, to yield a graph that is corrected for thermal expansion, which was measured in a previous trial, with a completely sintered piece. The best fit was found for the viscosity constant η v1 = 1 · 10 −8 MPa · s and activation energies Q E = Q gc =340 kJ/mol.
Calibration of the yield function parameters
The BP yield function, eq. (32), requires the determination of seven parameters, but using the previously developed micromechanical modelling, the number of unknown material constants can be reduced to four. During powder compaction and sintering, in most of the cases the body is under a compressive load. Therefore, the lode angle-dependence is of minor importance and can therefore be neglected, so that parameters β bp and γ bp are set to be zero. The parameters α bp and M determine the shape of the yield surface in the p − q plane. The value m = 4.38 has been deduced from [56] , while α bp is chosen to be equal to the unit, as in the simple case of the modified Cam-Clay model [25] . The size of the yield surface in the p − q plane is determined by p c , c and M , which are functions of the relative density. The yield surface evolves as the density grows, so that this evolution is shown in Figure 6 . 
Material parameters used for the examples
In summary, the values of the parameters used in the simulations, defining the material behaviour and the contact conditions at the powder/mold interface, where a Coulomb friction law was assumed, are listed in Table 7 .2. 
Material Parameters Values
R 0 : Initial particle radius 11.24 ·10 −6 m γ s : Surface energy 1.10 J/m 2 Q E : Viscous activation energy 354 kJ/mol M gc0 : Grain boundary mobility coefficient 2.25 m 2 s/kg Q gc : Grain boundary mobility activation Energy 354 kJ/mol E: Young's modulus 5000 MPa X : Taylor Quinney Coefficient 0 σ m : Compressive strength of the fully dense material 150MPa w: Exponent in the viscosity law 3 R
Experimental validation
Validation of the model has been obtained by referring to the forming and subsequent sintering of a special green piece, namely, a profiled tile. It is possible to introduce some complexity to a floor tile by using a special tool with varying heights (as sketched in Figure 7 ), thus obtaining a green with zones of different height and therefore density. Before sintering, this profiled geometry has to be pressed from powder, using a tool that was manufactured for this specific purpose (Fig. 7, lower part) . The dimensions before pressing were 330mm × 125mm, with an initial uniform thickness of 22mm. The profiled tile was pressed with a symmetric tool, to avoid lateral loads during stamping, as sketched in Figure 7 . Twenty profiled tiles were formed and their density measured in the Laboratory of Sacmi (located at Imola, Italy). All the ceramic greens were found to be so closely similar in their density distributions, that it was decided to fire only 6 greens. Three groups of two greens were fired respectively at temperatures of 1100
• C, 1150
• C and 1200
• C, by adopting the heating cycle shown in Figure 8 , using an oven available at the Sacmi Labs.
The density variation before and after sintering was measured using the purposemade X-ray Line Scanner (of the 'Sacmi Continua+' line, manufactured by Microtec Srl, Bressanone, Italy, Fig. 9 ) at the Sacmi laboratory. While the thickness changes abruptly, creating a tile with three rather distinct heights (9.8mm, 10.2mm and 10.7mm), the density varies less abruptly, as can be seen in Figure 11a . The density distribution was measured on pairs of nominally identical tiles, both subject to the same treatment. The densities in the pairs (before and after firing) was found so similar (the experimental data were almost superimposed), so that only one experiment for each pair is reported below. 
Simulation of the forming and sintering of the ceramic plate with different densities
The stamp and mould for powder forming were modelled as rigid bodies in contact with Coulomb friction (coefficient equal to 0.4). The powder was initally considered of uniform height (22mm) and homogeneous relative density (0.38), as in the experimental setup. The stamp is then displaced by ∆H = 12.6 mm, pressing the body in the desired shape. Powder pressing is usally modelled as a rate-independent process [15] , so that for the powder pressing part of the simulation, the viscosity was set to a constant and low value, to come close to the limit of rate-independent plasticity. For the simulation of sintering, the viscosity model reported in section 5.4 was used and the temperature curve of the oven was prescribed on the boundaries of the ceramic body. The simulated geometry is shown in Figure 10 (not to scale), where the undeformed piece (a rectangle, unmeshed) and the deformed mesh after pressing and subsequent mold release are reported. The Figure 10 : The mesh of the modelled powder in its initial state (a rectangle, not meshed) and after pressing and subsequent release from the mold (with mesh). Just one half the piece was simulated, due to symmetry. The figure is scaled by 200% in height direction, to make the contour change more visible.
figure clearly shows the large strain suffered by the powder during compaction and the presence of a modest spring back effect, which is limited in the lateral direction, because of the high aspect ratio of the sample. In particular, the tile increases in height after release, but decreases a little bit in width. Measurements of density and thickness are shown and compared to the simulation in Figs. 11 and 12. These figures prove the validity of the model, which is capable of reproducing the entire compaction and sintering processes of a ceramic granulate with an excellent precision, so that the percent errors (reported in the lower parts of the graphs) are below 4% at maximum and for most of the part below 2% .
Finally, a photograph of the sintered ceramic piece is shown in Figure 13 on the right, while the deformed mesh obtained after the simulated compaction and sintering processis shown on the left. The contour of the photo shown in the figure has been marked in blue, so that it can be observed that the distorsion of the boundary induced by sintering is well captured by the model, another demonstration of the excellent predictive capabilities of the mechanical model. (a) Density variation • • • C (central part) and 1200
• C (lower part) measured by an X-ray scan, and compared to the model prediction through numerical simulation. Percent errors between results from the simulation and the experiment are reported in the lower parts of the graphs. Figure 13 : The simulation of the formed and fired ceramic piece (on the left) compared to a photo of the real ceramic piece, sintered at 1200
• C (on the right, with the contour marked in blue). The qualitative trend of the distorsion of the boundary is well reproduced by the simulation, which also correctly captures also the pronounced shrinkage at the middle of the ceramic piece.
Discussion and conclusions
It has been shown that a thermomechanical model can be formulated, implemented and calibrated to provide a computational tool for the simulation of the entire process of ceramic production, starting from the cold pressing of a granulate and ending with the subsequent non-isothermal firing and sintering.
Compared with the results of ad hoc performed experiments, the model predictions provide an accurate description of the density distribution and the shape distorsion suffered by the piece during the production process.
Although the developed model is based on several simplificative assumptions and the lack of experimental data (inherent to the extreme conditions to which a ceramic piece is exposed) has precluded a fine calibration of model parameters, it is believed that the presented results show that mechanical modelling is a valuable alternative to the empirical processes still often in use for the design of pieces in the ceramic industry.
